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Abstract
In quantum gauge theory of gravity, the gravitational field is represented
by gravitational gauge field. The field strength of gravitational gauge field has
both gravitoelectric component and gravitomagnetic component. In classical
level, gauge theory of gravity gives out classical Newtonian gravitational inter-
actions in a relativistic form. Besides, it gives out gravitational Lorentz force
which is the gravitational force on a moving object in gravitomagnetic field.
The direction of gravitational Lorentz force does not along that of classical
gravitational Newtonian force. Effects of gravitational Lorentz force should
be detectable, and these effects can be used to discriminate gravitomagnetic
field from ordinary electromagnetic magnetic field.
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1 Introduction
In classical Newton’s theory of gravity, gravity obeys the inverse square law[1]. That
is, the gravitational force between two mass point m1 and m2 is
f =
GNm1m2
r2
, (1.1)
where GN is the newtonian gravitational constant and r is the distance between
two mass point. Gravitational force is along the line which connects the mass point
and is always attractive. Obvious, the above expression is not invariant or covariant
under Lorentz transformation.
In Einstein’s general theory of relativity[2, 3], gravity is treated as space-time
geometry, and gravity is just an effect of the curved space-time. General relativity
is a geometric theory of gravity, and in the original expressions, the concepts of
the space-time metric, affine connection, curvature tensor, geodesic curve, · · · are
used, and the concept of the traditional ”gravitational force” is not used. Only in
post-Newtonian approximation can we clearly see the correspondent of traditional
gravitational force and its influences[4, 5].
Quantum gauge theory of gravity is proposed in the framework of the quantum
field theory[6, 7, 8, 9, 10], where gravity is treated as a kind of physical interac-
tions and space-time is always kept flat. This treatment satisfies the fundamental
spirit of quantum field theory. Quantum gauge theory of gravity is a perturbatively
renormalizable quantum theory. Quantum gauge theory can be used to solve some
problems related to quantum behavior of gravitational interactions, such as unifica-
tions of fundamental interactions can be easily accomplished in it[12, 13, 14], it can
be used to explain the possible origin of dark matter and dard energy[15, 16], it can
be used to explain Podkletnov effects[17] and COW experiments.
In gauge theory of gravity, gravitoelectromagnetic field is naturally defined as
components of field strength of gravitational gauge field. It is known that gravito-
electromagnetism was studied for more than 130 years. The close analogy between
Newton’s gravitation law and Coulomb’s law of electricity led to the birth of the
concept of gravitomagnetism in the nineteenth century[18, 19, 20, 21]. Later, in
the framework of General Relativity, gravitomagnetism was extensively explored[22,
23, 24] and recently some experiments are designed to test gravitomagnetism ef-
fects. Some recently reviews on gravitomagnetism can be found in literatures
[25, 26, 27]. In quantum gauge theory of gravity, gravitoelectromagnetism is defined
in a more general way, and the gravitoelectromagnetism discussed in the literatures
[22, 23, 24, 25, 26, 27] is only the special case of it.
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In this paper, we will discuss some classical effects of gravitational interactions
in the framework of gauge theory of gravity, including gravitational interactions of
two mass point and gravitational Lorentz force.
2 Pure Gravitational Gauge Field
First, for the sake of integrity, we give a simple introduction to gravitational gauge
theory and introduce some notations which is used in this paper. Details on quantum
gauge theory of gravity can be found in literatures [6, 7, 8, 9, 10]. In gauge theory
of gravity, the most fundamental quantity is gravitational gauge field Cµ(x), which
is the gauge potential corresponding to gravitational gauge symmetry. Gauge field
Cµ(x) is a vector in the corresponding Lie algebra, which is called the gravitational
Lie algebra. So Cµ(x) can expanded as
Cµ(x) = C
α
µ (x)Pˆα, (µ, α = 0, 1, 2, 3) (2.1)
where Cαµ (x) is the component field and Pˆα = −i
∂
∂xα
is the generator of the global
gravitational gauge group. The gravitational gauge covariant derivative is defined
by
Dµ = ∂µ − igCµ(x) = G
α
µ∂α, (2.2)
where g is the gravitational coupling constant and G is given by
G = (Gαµ) = (δ
α
µ − gC
α
µ ) = (I − gC)
α
µ. (2.3)
Matrix G is an important quantity in gauge theory of gravity. Its inverse matrix is
denoted as G−1
G−1 =
1
I − gC
= (G−1µα ). (2.4)
Using matrix G and G−1, we can define two important quantities
gαβ = ηµνGαµG
β
ν , (2.5)
gαβ = ηµνG
−1µ
α G
−1ν
β . (2.6)
The field strength of gravitational gauge field is defined by
Fµν
△
=
1
−ig
[Dµ , Dν ]. (2.7)
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Its explicit expression is
Fµν(x) = ∂µCν(x)− ∂νCµ(x)− igCµ(x)Cν(x) + igCν(x)Cµ(x). (2.8)
Fµν is also a vector in gravitational Lie algebra and can be expanded as,
Fµν(x) = F
α
µν(x) · Pˆα, (2.9)
where
F αµν = ∂µC
α
ν − ∂νC
α
µ − gC
β
µ∂βC
α
ν + gC
β
ν ∂βC
α
µ . (2.10)
3 Gravitoelectromagnetic Field
F αµν is the component field strength of gravitational gauge field. Define
F αij = −εijkB
α
k , F
α
0i = E
α
i . (3.1)
Then field strength of gravitational gauge field can be expressed as
F α =


0 Eα
1
Eα
2
Eα
3
−Eα
1
0 −Bα
3
Bα
2
−Eα
2
Bα
3
0 −Bα
1
−Eα
3
−Bα
2
Bα
1
0


. (3.2)
This form is quite similar to that of field strength in electrodynamics, but with
an extra group index α. The component Eαi of field strength is called gravitoelec-
tric field, and Bαi is called gravitomagnetic field. Traditional Newtonian gravity is
transmitted by Eαi . The α = 0 components B
0
i and E
0
i correspond to the gravito-
electromagnetic field defined in literature [22, 23, 24, 25, 26, 27].
In most cases, gravitational field is weak and its self interactions can be neglected.
So, eq.(2.10) can be simplified to
F αµν = ∂µC
α
ν − ∂νC
α
µ . (3.3)
The gravitomagnetic and gravitoelectric field have much familiar forms
Bαi = ∂kC
α
j − ∂jC
α
k , (3.4)
Eαi = ∂tC
α
i − ∂iC
α
0
(3.5)
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From definitions eq.(3.1), we can prove that
∇·
→
B
α
= 0, (3.6)
∂
∂t
→
B
α
+∇×
→
E
α
= 0. (3.7)
From eq.(3.6), we know that gravitomagnetic field is source free. It is found that
gravitomagnetic field is generated by moving objects, and transmit gravitomagnetic
interactions between two rotating objects.
4 Gravitational Lorentz Force
A particle which moves in a gravitomagnetic field will feel a force that is perpendicu-
lar to its motion. In electrodynamics, this force is usually called Lorentz force. As an
example, we discuss gravitational interactions between gravitational field and Dirac
field. The lagrangian for gravitational gauge interactions of Dirac field is[28, 11]
L0 = −ψ¯(γ
µDµ +m)ψ −
1
4
Cµνρσαβ F
α
µνF
β
ρσ, (4.1)
where
Cµνρσαβ =
1
4
ηµρηνσgαβ +
1
2
ηµρG−1νβ G
−1σ
α − η
µρG−1να G
−1σ
β . (4.2)
So, the interaction Lagrangian is
LI = gψ¯γ
µ∂αψC
α
µ . (4.3)
For Dirac field, the gravitational energy-momentum of Dirac field is
T µgα = ψ¯γ
µ∂αψ. (4.4)
Substitute eq.(4.4) into eq.(4.3), we get
LI = gT
µ
gαC
α
µ . (4.5)
The interaction Hamiltonian density HI is
HI = −LI = −gT
µ
gα(y,
→
x)Cαµ (y). (4.6)
Suppose that the moving particle is a mass point at point
→
x, in this case
T µgα(y,
→
x) = T µgαδ(
→
y −
→
x), (4.7)
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where T µgα is independent of space coordinates. Then, the interaction Hamiltonian
HI is
HI =
∫
d3
→
y HI(y) = −g
∫
d3
→
y T µgα(y,
→
x)Cαµ (y). (4.8)
The gravitational force that acts on the mass point is
fi = g
∫
d3yT µgα(y,
→
x)F αiµ + g
∫
d3yT µgα(y,
→
x)
∂
∂yµ
Cαi . (4.9)
For quasi-static system, if we omit higher order contributions, the second term in the
above relation vanish. For a mass point, using the technique of Lorentz covariance
analysis, we can proved that
PgαU
µ = γT µgα, (4.10)
where Uµ is velocity, γ is the rapidity, and Pgα is the gravitational energy-momentum.
According eq.(4.7), Pgα is given by
Pgα =
∫
d3
→
y T 0gα(y) = T
0
gα. (4.11)
Using all these relations and eq.(3.1), we get
→
f= −gPgα
→
E
α
−gPgα
→
v ×
→
B
α
. (4.12)
For quasi-static system, the dominant contribution of the above relation is
→
f= gM
→
E
0
+gM
→
v ×
→
B
0
, (4.13)
where
→
v=
→
U /γ is the velocity of the mass point. The first term of eq.(4.13) is the
classical Newton’s gravitational interactions. The second term of eq.(4.13) is the
Lorentz force. The direction of this force is perpendicular to the direction of the
motion of the mass point. When the mass point is at rest or is moving along the
direction of the gravitomagnetic field, this force vanishes. Lorentz force should have
some influences for cosmology, for the rotation of galaxy will generate gravitomag-
netic field and this gravitomagnetic field will affect the motion of stars and affect
the large scale structure of galaxy.
5 Repulsive Component of Gravitational Interac-
tions
The classical gravitational interactions are always attractive, but sometimes, there
are repulsive components in gravity. The gravitational force is given by eq.(4.12).
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The first term corresponds to classical gravitational force. It is
→
f = −gPgα
→
E
α
= g(M1
→
E
0
−Pgj
→
E
j
),
(5.1)
whereM1 is the gravitational mass of the mass point which is moving in gravitational
field. Suppose that the gravitational field is generated by another mass point whose
gravitational energy-momentum is Qαg and its gravitational mass is M2. For quasi-
static gravitational field, we can get
→
E
α
= −
g
4pir3
Qαg
→
r (5.2)
Substitute eq.(5.2) into eq.(5.1), we get
→
f=
g2
4pir3
→
r (−E1gE2g+
→
P g ·
→
Qg), (5.3)
where E1g and E2g are gravitational energy of two mass point. From eq.(5.3), we
can see that, if
→
P g ·
→
Qg is positive, the corresponding component gravitational force
between two momenta is repulsive. Because E1gE2g ≥
→
P g ·
→
Qg, the total gravita-
tional force between two mass point is always attractive.
Suppose that a Lorentz transformation along the direction which is perpendic-
ular to the direction of the gravitational force
→
f , the left hand side of eq.(5.3) is
invariant. Under this transformation, the gravitational energy of both mass point
will be changed, so E1gE2g will be changed, but the sum −E1gE2g+
→
P g ·
→
Qg keep
invariant. Therefore, the appearance of the component gravitational force between
two momenta satisfies the requirement of Lorentz symmetry.
6 Discussions
Eq.(4.12) is obtained from the interaction Lagrangian, it is deduced without con-
cerning dynamics of gravitational gauge field. It is known that the selection of
the Lagrangian of pure gravitational gauge field is not unique, but this ambiguity
does not affect Eq.(4.12). Different selection of the Lagrangian of pure gravitational
gauge field only gives out different
→
E
α
and
→
B
α
, it does not affect classical Newtonian
gravitational interactions and gravitational Lorentz force.
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In classical Newton’s theory of gravity, gravitational force between tow objects is
always along the line which connects the center of mass of the two objects. Because
of the gravitational Lorentz force, there exists components force which is perpendic-
ular to the line. In most cases, this orthogonal component is much weaker than the
traditional Newtonian gravity.
Gravitational Lorentz force is independent of electric charge, so it is different
from the electric Lorentz force. Only charged particle can feel electric Lorentz force,
but all particles can feel gravitational Lorentz force. Using this property, we can dis-
criminate gravitational Lorentz force from electric Lorentz force, and discriminate
gravitomagnetic field from the electromagnetic magnetic field. Effects of gravita-
tional Lorentz force should be observable and can be observed by astrophysical
observations. It is known that there are some experiments designed to test gravito-
magnetic effects.
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